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So we isolated the essential data:
op
Ind(_) C Set~

And now we need to axiomatize it.
Y
S=P

e S is a KZ-monad over K.
e P is a KZ-monad which is also a Yoneda structure (over K).

e Y is representably fully faithful + something else.
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Definition
Given a Yoneda context S % P we say that A is Yaccessible if A= S(G) for some G.
Definition
Given a Yoneda context S = P we say that A is Y-presentable if
e A is accessible;
e i: AS P(G): L
e j is the Kan extenstion of its restriction to the unit of S.
The last request is the translation of being accessibly embedded.

Remark

This does not imply that P(G) is accessible.
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Gabriel Ulmer duality
There is a biequivalence of 2-categories.

Lex°P = Lfp

e Lex is the category of small finitely complete categories and functors preserving
them.
e Lfp is the category of locally presentable categories and (finitely) accessible right

adjoints.

Can we cast a Gabriel Ulmer duality for such a weak notion of accessibity? Not really.
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presentable in Cat.
Set®™ = Ind(G).

By G we mean the free finite colimit completion of G.

Remark

In Cat there is an envelope G — G that fills the gap between the Ind completion and
the presheaf construction.

Definition

Given a context S = P a Gabriel Ulmer envelope (3 for Y is an addition KZ monad
such that
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We have not finished to list the axiom needed to make our version of Gabriel Ulmer
duality meaningful but we announce it to itemize what we still need to comment.

Gabriel Ulmer Duality

Let S = P be a Yoneda context and (/,\) GU envelope for Y. If
° (/,\) is soaking;
o S is climbable;

then e
Alg((.))°P = Pres(Y).



It is not worthy to tell what soaking means, but climbability is a very interesting
concept for a KZ monad, which is also very natural to request.



It is not worthy to tell what soaking means, but climbability is a very interesting
concept for a KZ monad, which is also very natural to request. In Cat, imagine we are
in the following situation

G < G’
oG agr
Ind(G) ~ 7 Ind(G")

L

then we know that L preserves compact objects, i.e. the dotted arrow exists.



It is not worthy to tell what soaking means, but climbability is a very interesting
concept for a KZ monad, which is also very natural to request. In Cat, imagine we are
in the following situation

G < G’
oG agr
Ind(G) ~ 7 Ind(G")

L

then we know that L preserves compact objects, i.e. the dotted arrow exists.

Definition

We say that S is climbable when the same property is verified.



It is not worthy to tell what soaking means, but climbability is a very interesting
concept for a KZ monad, which is also very natural to request. In Cat, imagine we are
in the following situation

G < G’
oG agr
Ind(G) ~ 7 Ind(G")

L

then we know that L preserves compact objects, i.e. the dotted arrow exists.

Definition

We say that S is climbable when the same property is verified.



