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Runk Don't
worry just stay close to the

portal cage We will see why
we are and what the axioms

mean
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Now the axioms
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commutes by trioyurber commutes by naturality

identities of of UG
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Rmk So that's where the axioms

come from Of course this does

not tell what they mean
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We shall prove that this is a
mowed

h X X 11.1
is just the inclusion
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What are the axioms here
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this is called the maybe monad



Example Consider the functor REI Set Set
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RED I h xi rieRfP finite
R is ee you are very used to the
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where this gives the free vector

space

this is a
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Axioms of mud now are

just saying that
exeluations go

as expected



So why do we care about monddI

Well we mainly core about their algebra

we don't come about closure operators

they are tools to study closet sets

Det An algebra for a m.net Ton
C is a couple e a where
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c is an object and a is a

morphism such that
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this is telling you
that a is coherent
with the multiplication

Exenph pointed out algebra for Clt
Exeuple R module algebra for RE



Def A morphism of algebra is on f s t
TG tf Tld
act bad
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Def Algo
algebra

morphisms of
algebra

Beg We saw that en adj induces

a monek Now we show thatevery
monde che be broken into en

obj
Ages

AdjCC Mondale

He already saw this phenomenon

for poets

Construction there is a functor forgetful
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them the functor is faithful and
conservative

than U hes a lift adjoint
Algal

Proof uh thegypoff Endow but
that Tay is on elgebre
And this strategy still works C
Indeed the multiplication makes
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y is given by the mende structure

of T

e let's unpack it
TeTt FYFFE 1 The

fee9in Jae
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We need en e that makes
this diagram cornute But
this is just f
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Construction Given en Ij D E

I can compute Alglutt

c Alight
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there exist a functor C D Alight
thot compares D to the category

of algebra for the maned monad

Proof We show that nod is
an algebra for UF

Uk d
UIUC'd nd
is the algebra structure

d nd Weld



Def U D C is monodic

iff
has a left adj

G the functor e in

the construction above

is an equivalence

thm Beck let U D C te
ee functor TFAE

1 U is monodic

G U her a lift of'oint
U is conservative

U Cheetos coequettersof
U split pairs



CATEGORY THEORY

IVAN DI LIBERTI

EXERCISES

Exercise 1 (�). Describe the monads (unit and counit) on Set whose algebras are:
monoids, groups, semigroups.

Exercise 2 (�). Consider the free-forgetful adjunction D ∶ Set ⇆ Top ∶ U,
where D equips a set with the discrete topology over it. Compute the algebras for
the induced monad over Set.

Exercise 3 (�). A monad T on a category C is idempotent if its multiplica-
tion if its multiplication is an isomorphism. Show that the fortgetful functor
UT ∶ Alg(T ) → C of an idempotent monad is fully faithful.

Exercise 4 (�). Let C be a category with coproducts and a terminal object. Can
you always put a monad structure on the maybe endofunctor c ↦ c

∐

1?

Exercise 5 (�). Show that the category of fields is not monadic over Set.

Exercise 6 (�). Show that there is a monad on directed graphs whose algebras
are small categories.

Exercise 7 (�). Show that there is a monad on the category of small categories
(and functors) whose algebras are posets.

The riddle of the week (o, 1). Describe a monad structure on the functor of
ultrafilterX ↦ �(X). Show that its algebras are compact T2 spaces (and continuous
functions).

○ the exercises in the red group are mandatory.
○ pick at least one exercise from each of the yellow groups.
○ pick at least two exercises from each of the blue groups.
○ nothing is mandatory in the brown box.
○ The riddle of the week. It’s just there to let you think about it. It is not a mandatory

exercise, nor it counts for your evaluation. Yet, it has a lot to teach.
1 useful to deepen your understanding. Take your time to solve it. (May not be

challenging at all.)
� measures the difficulty of the exercise. Note that a technically easy exercise is still

very important for the foundations of your knowledge.
o It’s just too hard.

The label Leinster refers to the book Basic Category Theory, by Leinster.
The label Riehl refers to the book Category Theory in context, by Riehl.
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